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Abstract
For classical Banach sequence spaces c0(X), l∞(X) and lp(X) (0 < p < +∞) we have found the strongest intrinsical meanings
of their β-duals, and two basic convergence results are established in the β-duals.
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1. Introduction
Let X, Y be Banach spaces and λ(X) a family of vector sequences in X such as lp(X) with 0 < p < +∞,
l∞(X) and c0(X), etc. For a sequence (Aj ) of linear operators on X into Y , we say that the series
∑
Aj is
λ(X)-evaluation convergent if
∑∞
j=1 Aj(xj ) converges for each (xj ) ∈ λ(X) [1–3]. Following I. Maddox [4], let
λβ(X) = {(Aj ): each Aj :X → Y is linear, ∑Aj is λ(X)-evaluation convergent}, the generalized Köthe–Toeplitz
β-dual of λ(X) [4, p. 19], and [1,4] gave the basic descriptions of the β-duals cβ0 (X), cβ(X), l
β∞(X) and lβp(X)
with 0 < p < +∞, for example, (Aj ) ∈ lβ∞(X) if and only if limn sup‖xj ‖1,p∈N ‖
∑n+p
j=n Aj (xj )‖ = 0 [4, p. 21].
Following [5, p. 153], we adopt the notation λ(X)βY instead of λβ(X). Especially, we drop the linearity restriction
forced on the mappings, and let
YX = the family of all Y -valued mappings on X,
λ(X)βY =
{
(Aj ) ⊂ YX:
∞∑
j=1
Aj(xj ) converges, ∀(xj ) ∈ λ(X)
}
.
For λ(X) = lp(X) (0 < p < +∞), l∞(X) and c0(X), the following investigation determines the largestM⊂ 2λ(X)
for which (Aj ) ∈ λ(X)βY if and only if ∑∞j=1 Aj(xj ) converges uniformly with respect to (xj ) in any M ∈M, that is,
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1196 R. Li et al. / Topology and its Applications 154 (2007) 1195–1205in this paper we would like to reveal the strongest intrinsic meaning of sequential-evaluation convergence of mapping
series. Moreover, in the last section we will give interesting convergence results for sequences of mapping sequences.
2. lp(X)-evaluation convergence
Henceforth, X and Y are Banach spaces. For 0 < p < +∞ let lp(X) = {(xj ) ∈ XN: ∑∞j=1 ‖xj‖p < +∞} and, for
every topological vector space E, lp(X)βE = {(Aj ) ⊂ EX: ∑∞j=1 Aj(xj ) converges, ∀(xj ) ∈ lp(X)}. If 0 < p < 1,
lp(X) is a Fréchet space with the paranorm ‖(xj )‖ =∑∞j=1 ‖xj‖p , and lp(X)(1 p < +∞) is a Banach space with
the norm ‖(xj )‖ = (∑∞j=1 ‖xj‖p)1/p .
Definition 2.1. M ⊂ lp(X) is said to be uniformly exhaustive if limn∑∞j=n ‖xj‖p = 0 uniformly for (xj ) ∈ M .
Recall that a subset B of a topological vector space E is precompact or totally bounded if for every neighborhood
U of 0 ∈ E there is a finite F ⊂ E such that B ⊂ F + U . Evidently, {(xj ) ∈ XN: ‖xj‖ < 1/2j , ∀j ∈ N} = M is
uniformly exhaustive in lp(X) (p  1) but M is not precompact in lp(X) whenever dimX = +∞.
Proposition 2.1. Precompact subsets of lp(X) are uniformly exhaustive.
Proof. Assume M ⊂ lp(X) is precompact and ε > 0. There is a finite F = {(zij )∞j=1: i = 1,2, . . . , n} ⊂ lp(X) such
that M ⊆ F + {(uj ) ∈ lp(X): ∑∞j=1 ‖uj‖p < ε/2}. Pick a j0 ∈ N for which ∑∞j=j0 ‖zij‖p < ε/2, i = 1,2, . . . , n.
Let 0 < p < 1 and (xj ) ∈ M . Then ∑∞j=1 ‖xj − zi0j‖p < ε/2 for some 1  i0  n and so ∑∞j=j0 ‖xj‖p ∑∞
j=j0 ‖xj − zi0j‖p +
∑∞
j=j0 ‖zi0j‖p < ε2 + ε2 = ε. If 1  p < +∞ and (xj ) ∈ M , then there is an i0 ∈
{1,2, . . . , n} such that (∑∞j=1 ‖xj − zi0j‖p)1/p < (ε/2)1/p and (∑∞j=j0 ‖xj‖p)1/p  (∑∞j=j0 ‖xj − zi0j‖p)1/p +
(
∑∞
j=j0 ‖zi0j‖p)1/p < (ε/2)1/p + (ε/2)1/p < 2ε1/p and so
∑∞
j=j0 ‖xj‖p < 2pε. 
Uniformly exhaustive sets in lp(X) are meaningful very much. In fact, a special case of the main result of [6] gives
the strongest version of the Orlicz–Pettis theorem as follows.
Theorem 2.1. Let (E,F ) be a dual pair [7, p. 107], and S = {(xj ) ∈ EN: ∑xj is subseries convergent in the weak
topology σ(E,F )}. Let U(F ) = {U ⊂ F : for every (xj ) ∈ S, {(f (xj ))∞j=1: f ∈ U} is uniformly exhaustive in l1}.
Then the topology SOP(E,F ) of uniform convergence on each U ∈ U(F ) is just the strongest (E,F )-polar topology
which has the same subseries convergent series as the weak topology σ(E,F ), and U(F ) is just the largest subfamily
of 2F which induces SOP(E,F ).
We now characterize the family of uniformly exhaustive sets as a key point of the β-dual lp(X)βE .
Theorem 2.2. For M ⊂ lp(X) where 0 < p < +∞, the following (1) and (2) are equivalent:
(1) M is uniformly exhaustive.
(2) For every Fréchet space E and (Aj ) ∈ lp(X)βE , ∑∞j=1 Aj(xj ) converges uniformly for (xj ) ∈ M .
Proof. (1) 
⇒ (2): Assume that M is uniformly exhaustive but (2) fails to hold for M and so there exists a Fréchet
space E with the paranorm ‖ · ‖ and (Aj ) ∈ lp(X)βE such that the convergence of ∑∞j=1 Aj(xj ) is not uniform
for (xj ) ∈ M . Then there is an ε > 0 such that for every m0 ∈ N we have an m > m0 and a (xj ) ∈ M for which
‖∑∞j=m Aj (xj )‖ ε and, moreover, ‖∑nj=m Aj (xj )‖ > ε/2 for some n > m.
Since M is uniformly exhaustive, there is a j1 ∈ N for which ∑∞j=j1 ‖zj‖p < 1/2, ∀(zj ) ∈ M . Then there
exist integers n1 > m1 > j1 and (x1j ) ∈ M such that ‖∑n1j=m1 Aj(x1j )‖ > ε/2. Pick an integer j2 > n1 for
which
∑∞ ‖zj‖p < 1/22, ∀(zj ) ∈ M . Then there exist integers n2 > m2 > j2 and (x2j ) ∈ M such thatj=j2
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nk∑
j=mk
Aj (xkj )
∥∥∥∥∥> ε/2,
nk∑
j=mk
‖xkj‖p < 1/2k, k = 1,2,3, . . . .
Let
xj =
{
xkj , mk  j  nk, k = 1,2,3, . . . ,
0, otherwise.
Then
∑∞
j=1 ‖xj‖p =
∑∞
k=1
∑nk
j=mk ‖xkj‖p <
∑∞
k=1 12k = 1 so (xj ) ∈ lp(X) but∥∥∥∥∥
nk∑
j=mk
Aj (xj )
∥∥∥∥∥=
∥∥∥∥∥
nk∑
j=mk
Aj (xkj )
∥∥∥∥∥> ε/2, k = 1,2,3, . . . .
This contradicts that (Aj ) ∈ lp(X)βE and so (1) 
⇒ (2) holds.
(2) 
⇒ (1): Assume that M ⊂ lp(X) is not uniformly exhaustive. Then there exist ε > 0, integer sequence
m1 < n1 < m2 < n2 < · · · and {(xkj )∞j=1: k ∈ N} ⊂ M such that
∑nk
j=mk ‖xkj‖p > ε, k = 1,2,3, . . . .
For each j ∈ N define Aj :X → lp(X) by
Aj(x) = (0, . . . ,0, (j)x ,0,0, . . .), x ∈ X.
Each Aj :X → lp(X) is both continuous and linear. Moreover, limn ‖(xj ) −∑nj=1 Aj(xj )‖ = limn ‖(0, . . . ,0, xn+1,
xn+2, . . .)‖ = 0 whenever (xj ) ∈ lp(X) and so (Aj ) ∈ lp(X)βlp(X). However,∥∥∥∥∥
∞∑
j=mk
Aj (xkj ) −
∞∑
j=nk+1
Aj(xkj )
∥∥∥∥∥= ∥∥(0, . . . ,0, xkmk , xkmk+1, . . . , xknk ,0,0, . . .)∥∥
>
{
ε, 0 < p < 1,
ε1/p, 1 p < +∞, k = 1,2,3, . . . .
Since mk → +∞, nk → +∞ and (xkj )∞j=1 ∈ M for all k, it follows that the convergence of
∑∞
j=1 Aj(xj ) is not
uniform for (xj ) ∈ M . Thus, (2) 
⇒ (1) holds. 
Corollary 2.1. 0 < p < +∞. For (fj ) ⊂ {f ∈ YX: f (0) = 0} the following (3) and (4) are equivalent:
(3) For every (xj ) ∈ lp(X), ∑∞j=1 fj (xj ) converges weakly.
(4) For every uniformly exhaustive M ⊂ lp(X), ∑∞j=1 fj (xj ) converges uniformly for (xj ) ∈ M .
Proof. For (xj ) ∈ lp(X) and integers j1 < j2 < · · · let
uj =
{
xjk , j = jk, k = 1,2,3, . . . ,
0, otherwise.
Then (uj ) ∈ lp(X) so ∑∞j=1 fj (uj ) is weakly convergent by (3). Since fj (0) = 0 for all j , it follows from∑n
k=1 fjk (xjk ) =
∑jn
j=1 fj (uj ) that
∑∞
k=1 fjk (xjk ) is weakly convergent. By the Orlicz–Pettis theorem,
∑∞
j=1 fj (xj )
converges in Y . Hence, (3) implies that (fj ) ∈ lp(X)βY and (3) 
⇒ (4) holds by Theorem 2.2. 
Let f,fn ∈ Y lp(X), ∀n ∈ N. Let fn σ lp(X)−→ f denote that limn fn[(xj )] = f [(xj )] at each (xj ) ∈ lp(X), and
fn
elp(X)−→ f means that limn fn[(xj )] = f [(xj )] uniformly for (xj ) in any uniformly exhaustive subset of lp(X). More-
over, fn
blp(X)−→ f shows that limn fn[(xj )] = f [(xj )] uniformly for (xj ) in any bounded subset of lp(X).
It is trivial that fn
elp(X)−→ f 
⇒ fn σ lp(X)−→ f and fn blp(X)−→ f 
⇒ fn σ lp(X)−→ f . The converse implications are not true.
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fn
[
(xj )
]= (1
n
x1, x2, x3, . . .
)
, f
[
(xj )
]= (0, x2, x3, . . .), (xj ) ∈ lp.
Both fn and f are continuous linear. Evidently, fn
σ lp−→ f . But {(n,0,0, . . .): n ∈ N} is uniformly exhaustive in lp
and ‖fn[(n,0,0, . . .)] − f [(n,0,0, . . .)]‖ = 1 for all n and so fn
elp(X)−→ f .
It should be noted that, in general, fn
elp(X)−→ f 
⇒ fn blp(X)−→ f and fn blp(X)−→ f 
⇒ fn elp(X)−→ f in Y lp(X).
Example 2.2. Let p1[(xj )] = x1, ∀(xj ) ∈ lp(X). Then 1np1
blp(X)−→ 0. For a nonzero x ∈ X, M = {(kx,0,0, . . .): k ∈ N}
is uniformly exhaustive in lp(X) and
1
n
p1
[
(nx,0,0, . . .)
]= x, ∀n ∈ N.
This shows that limn 1np1[(xj )] = 0 is not uniform with respect to (xj ) ∈ M and so 1np1
elp(X)−→ 0.
Example 2.3. For n ∈ N define fn : lp(X) → R and f : lp(X) → R by
fn
[
(xj )
]= n∑
j=1
‖xj‖p, f
[
(xj )
]= ∞∑
j=1
‖xj‖p, (xj ) ∈ lp(X).
Evidently, fn
elp(X)−→ f . Then pick a nonzero x ∈ X and let B = {(0, . . . ,0, (k)x ,0,0, . . .): k ∈ N}. B is bounded in
lp(X) and∣∣f [(0, . . . ,0, (n+1)x ,0,0, . . .)]− fn[(0, . . . ,0, (n+1)x ,0,0, . . .)]∣∣= ‖x‖p, ∀n ∈ N.
This shows that fn
blp(X)−→ f .
We say that {fn} ⊂ Y lp(X) is (lp(X),Y )-convergent or, simply, lp(X)-convergent if there exist anM⊂ 2lp(X) and
f ∈ Y lp(X) such that limn fn[(xj )] = f [(xj )] uniformly for (xj ) in any M ∈M. Then fn σ lp(X)−→ f , fn elp(X)−→ f and
fn
blp(X)−→ f are different lp(X)-convergence. It is possible that different subfamilies of 2lp(X) induce the same lp(X)-
convergence, e.g., each of {F ⊂ lp(X): F is finite} and the family of all singletons in lp(X) induce fn σ lp(X)−→ f , the
pointwise convergence on lp(X).
Corollary 2.2. 0 < p < +∞. For every Fréchet space E and (Aj ) ∈ lp(X)βE define f(Aj ),n : lp(X) → E(n ∈ N) and
f(Aj ) : lp(X) → E by
f(Aj ),n
[
(xj )
]= n∑
j=1
Aj(xj ), f(Aj )
[
(xj )
]= ∞∑
j=1
Aj(xj ), (xj ) ∈ lp(X).
Then f(Aj ),n
elp(X)−→ f(Aj ). Moreover, this convergence is the strongest lp(X)-convergence for {f(Aj ),n} and the family
of uniformly exhaustive subsets of lp(X) is just the largest subfamily of 2lp(X) inducing f(Aj ),n
elp(X)−→ f(Aj ).
3. l∞(X)-evaluation convergence
Definition 3.1. M ⊂ l∞(X) is said to be essentially bounded if there is a j0 ∈ N such that sup(x )∈M,jj ‖xj‖ < +∞.k 0
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are not true.
Recall that l∞(X)βE = {(Aj ) ⊂ EX: ∑∞j=1 Aj(xj ) converges, ∀(xj ) ∈ l∞(X)}.
Theorem 3.1. For M ⊂ l∞(X) the following (5) and (6) are equivalent:
(5) M is essentially bounded.
(6) For every Fréchet space E and (Aj ) ∈ l∞(X)βE , ∑∞j=1 Aj(xj ) converges uniformly for (xj ) ∈ M .
Proof. (5) 
⇒ (6): Assume that M ⊂ l∞(X) is essentially bounded but there exist a Fréchet space E with the para-
norm ‖ · ‖ and (Aj ) ∈ l∞(X)βE such that the convergence of ∑∞j=1 Aj(xj ) is not uniform for (xj ) ∈ M . Then we
have an ε > 0 and integers m1 < n1 < m2 < n2 < · · · and {(xkj )∞j=1: k ∈ N} ⊂ M such that ‖
∑nk
j=mk Aj (xkj )‖  ε,
k = 1,2,3, . . . .
Let
xj =
{
xkj , mk  j  nk, k = 1,2,3, . . . ,
0, otherwise.
Since M is essentially bounded, there is a j0 ∈ N such that
sup
jj0
‖xj‖ sup
(uj )∈M,jj0
‖uj‖ < ∞.
Hence (xj ) ∈ l∞(X) but ‖∑nkj=mk Aj (xj )‖ = ‖∑nkmk Aj (xkj )‖ ε, ∀k ∈ N. This contradicts that (Aj ) ∈ l∞(X)βE so
(5) 
⇒ (6) holds.
(6) 
⇒ (5): Assume that M ⊂ l∞(X) is not essentially bounded. Then we have integers j1 < j2 < · · · and
{(xkj )∞j=1: k ∈ N} ⊂ M such that
‖xkjk‖ > k2, k = 1,2,3, . . . . (3.1)
For j ∈ N define Aj :X → X by
Ajk (x) =
1
k2
x, x ∈ X, k = 1,2,3, . . . ,
Aj = 0, j ∈ N \ {j1, j2, . . .}.
Then each Aj is continuous linear, and (Aj ) ∈ l∞(X)βX . However, it follows from (3.1) that
∥∥Ajk (xkjk )∥∥= 1k2 ‖xkjk‖ > 1, k = 1,2,3, . . . .
Hence, the convergence of
∑∞
j=1 Aj(xj ) is not uniform for (xj ) ∈ M . Thus, (6) 
⇒ (5) holds. 
Corollary 3.1. For (fj ) ⊂ {f ∈ YX: f (0) = 0} the following (7) and (8) are equivalent:
(7) For each (xj ) ∈ l∞(X), ∑∞j=1 fj (xj ) converges weakly.
(8) For every essentially bounded M ⊂ l∞(X), ∑∞j=1 fj (xj ) converges uniformly with respect to (xj ) ∈ M .
For f,fn ∈ Y l∞(X) let fn ebl∞(X)−→ f denote that limn fn[(xj )] = f [(xj )] uniformly for (xj ) in any essentially
bounded subset of l∞(X). Let fn
bl∞(X)−→ f denote the uniform convergence on each bounded subset of l∞(X) and
let fn
σ l∞(X)−→ f denote the pointwise convergence on l∞(X).
Since every bounded subset of l∞(X) is essentially bounded, we have that fn
ebl∞(X)−→ f 
⇒ fn bl∞(X)−→ f 
⇒
fn
σ l∞(X)−→ f . However, in general, the converse implications fail to hold.
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at each (xj ) ∈ l∞(X) so f [(xj )] = limn fn[(xj )] defines a mapping f : l∞(X) → R and fn σ l∞(X)−→ f . Pick a nonzero
x ∈ X and let B = {(0, . . . ,0, (k)x ,0,0, . . .): k ∈ N}. Then B is bounded and f [(xj )] = limn fn[(xj )] = 0 at each
(xj ) ∈ B . However,∣∣fn[(0, . . . ,0, (n+1)x ,0,0, . . .)]− f [(0, . . . ,0, (n+1)x ,0,0, . . .)]∣∣= ‖x‖, ∀n ∈ N.
Hence, fn
bl∞(X)−→ f .
Example 3.2. Let p1[(xj )] = x1, ∀(xj ) ∈ l∞(X). Then 1np1
bl∞(X)−→ 0. Pick a nonzero x ∈ X and let A =
{(kx,0,0, . . .): k ∈ N}. Then A is essentially bounded and
1
n
p1
[
(nx,0,0, . . .)
]= x, ∀n ∈ N.
Hence, 1
n
p1
ebl∞(X)−→ 0.
Corollary 3.2. For (Aj ) ∈ l∞(X)βY and n ∈ N define f(Aj ),n : l∞(X) → Y and f(Aj ) : l∞(X) → Y by
f(Aj ),n
[
(xj )
]= n∑
j=1
Aj(xj ), f(Aj )
[
(xj )
]= ∞∑
j=1
Aj(xj ), (xj ) ∈ l∞(X).
Then f(Aj ),n
ebl∞(X)−→ f(Aj ). Moreover, this convergence is the strongest l∞(X)-convergence for {f(Aj ),n} and the family
of essentially bounded subsets of l∞(X) is just the largest subfamily of 2l∞(X) inducing f(Aj ),n
ebl∞(X)−→ f(Aj ).
4. c0(X)-evaluation convergence
Definition 4.1. M ⊂ c0(X) is said to be uniformly vanishing if limj xj = 0 uniformly for (xj ) ∈ M .
Proposition 4.1. Precompact subsets of c0(X) are uniformly vanishing.
Proof. Assume that M ⊂ c0(X) is precompact and ε > 0. There is a finite F ⊂ c0(X) such that M ⊂ F + {(uj ) ∈
c0(X): supj ‖uj‖ < ε/2}. Pick a j0 ∈ N for which supjj0 ‖zj‖ < ε/2, ∀(zj ) ∈ F . Then sup(xj )∈M,jj0 ‖xj‖ <
sup(zj )∈F,jj0 ‖zj‖ + ε/2 < ε/2 + ε/2 = ε. 
However, a uniformly vanishing subset of c0(X) need not be precompact, e.g., {(xj ) ⊂ X: ‖xj‖ < 1/j, ∀j ∈ N} =∏∞
j=1{x ∈ X: ‖x‖ < 1/j} is uniformly vanishing but it is not precompact in c0(X) whenever dimX = +∞.
Theorem 4.1. For M ⊂ c0(X) the following (9) and (10) are equivalent:
(9) M is uniformly vanishing.
(10) For every Fréchet space E and (Aj ) ∈ c0(X)βE , ∑∞j=1 Aj(xj ) converges uniformly for (xj ) ∈ M .
Proof. (9) 
⇒ (10): Assume that M ⊂ c0(X) is uniformly vanishing but the convergence of ∑∞j=1 Aj(xj ) is not
uniform for (xj ) ∈ M where (Aj ) ∈ c0(X)βE and E is a Fréchet space with the paranorm ‖ · ‖. Then we have an ε > 0
and integers m1 < n1 < m2 < n2 < · · · and {(xkj )∞j=1: k ∈ N} ⊂ M such that ‖
∑nk
j=mk Aj (xkj )‖ > ε, k = 1,2,3, . . . .
Let
xj =
{
xkj , mk  j  nk, k = 1,2,3, . . . ,
0, otherwise.
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contradicts that (Aj ) ∈ c0(X)βE and so (9) 
⇒ (10) holds.
(10) 
⇒ (9): Assume that M ⊂ c0(X) is not uniformly vanishing. Then there exist ε > 0, integer sequence
j1 < j2 < · · · and {(xkj )∞j=1: k ∈ N} ⊂ M such that ‖xkjk‖ ε, k = 1,2,3, . . . .
For j ∈ N define Aj :X → (c0(X),‖ · ‖∞) by
Aj(x) = (0, . . . ,0, (j)x ,0,0, . . .), x ∈ X.
Each Aj is continuous linear, and
∑∞
j=1 Aj(xj ) = (xj ) in (c0(X),‖ · ‖∞) for each (xj ) ∈ c0(X) so (Aj ) ∈
c0(X)βc0(X). However,∥∥∥∥∥
∞∑
j=jk
Aj (xkj ) −
∞∑
j=jk+1
Aj(xkj )
∥∥∥∥∥∞ = ‖xkjk‖ ε, k = 1,2,3, . . . .
This contradicts (10) and so (10) 
⇒ (9) holds. 
Corollary 4.1. For (fj ) ⊂ {f ∈ YX: f (0) = 0} the following (11) and (12) are equivalent:
(11) For each (xj ) ∈ c0(X), ∑∞j=1 fj (xj ) converges weakly.
(12) For every uniformly vanishing M ⊂ c0(X), ∑∞j=1 fj (xj ) converges uniformly with respect to (xj ) ∈ M .
For f,fn ∈ Y c0(X) let fn vc0(X)−→ f denote that limn fn[(xj )] = f [(xj )] uniformly for (xj ) in any uniformly vanish-
ing subset of c0(X). It is similar to the case of lp(X) or l∞(X) that fn
vc0(X)−→ f is strictly stronger than the pointwise
convergence but fn
vc0(X)−→ f and fn bc0(X)−→ f , the uniform convergence on bounded subsets of c0(X), are not compara-
ble.
Corollary 4.2. For (Aj ) ∈ c0(X)βY and n ∈ N define f(Aj ),n : c0(X) → Y and f(Aj ) : c0(X) → Y by
f(Aj ),n
[
(xj )
]= n∑
j=1
Aj(xj ), f(Aj )
[
(xj )
]= ∞∑
j=1
Aj(xj ), (xj ) ∈ c0(X).
Then f(Aj ),n
vc0(X)−→ f(Aj ). Moreover, this is the strongest c0(X)-convergence for {f(Aj ),n} and the family of uniformly
vanishing subsets of c0(X) is just the largest subfamily of 2c0(X) inducing f(Aj ),n
vc0(X)−→ f(Aj ).
5. Uniform convergence on precompact sets
We saw that precompact sets in lp(X) (respectively, l∞(X), c0(X)) are uniformly exhaustive (respectively, essen-
tially bounded, uniformly vanishing). Corollaries 2.1, 3.1 and 4.1 imply the following
Theorem 5.1. Let λ(X) ∈ {c0(X), l∞(X), lp(X)} (p > 0). If (Aj ) ⊂ YX such that Aj(0) = 0 for all j and∑∞
j=1 Aj(xj ) converges weakly at each (xj ) ∈ λ(X), then
∑∞
j=1 Aj(xj ) converges uniformly for (xj ) in any pre-
compact subset of λ(X).
The Banach–Steinhaus theorem says that if linear operator Tn :X → Y is continuous (n = 1,2,3, . . .) and
limn Tn(x) = T (x) exists at each x ∈ X, then the limit operator T :X → Y is also linear and continuous and, moreover,
limn Tn(x) = T (x) uniformly for x in any precompact subset of X [8, pp. 299–300].
In general, the Banach–Steinhaus theorem fails to hold for nonlinear mappings. However, combining Corol-
laries 2.2, 3.2 and 4.2, we have
1202 R. Li et al. / Topology and its Applications 154 (2007) 1195–1205Theorem 5.2. Let λ(X) ∈ {c0(X), l∞(X), lp(X)} where 0 < p < +∞. If (Aj ) ∈ λ(X)βY and fn[(xj )] =∑n
j=1 Aj(xj ), f [(xj )] =
∑∞
j=1 Aj(xj ) for (xj ) ∈ λ(X), then limn fn[(xj )] = f [(xj )] uniformly for (xj ) in any
precompact subset of λ(X).
Corollary 5.1. Let λ(X) ∈ {c0(X), l∞(X), lp(X)} where 0 < p < +∞. If Aj :X → Y is continuous and (Aj ) ∈
λ(X)βY , then 〈(Aj ), (xj )〉 =∑∞j=1 Aj(xj ) defines a continuous mapping 〈(Aj ), ·〉 :λ(X) → Y .
Proof. Assume that (x(n)j )
∞
j=1 → (xj ) in λ(X). Then limn x(n)j = xj in X so limn
∑m
j=1 Aj(x
(n)
j ) =
∑m
j=1 Aj(xj ),
∀m ∈ N. Since {(x(n)j )∞j=1: n ∈ N} is precompact, limm
∑m
j=1 Aj(x
(n)
j ) =
∑∞
j=1 Aj(x
(n)
j ) uniformly with respect to
n ∈ N. Hence,
lim
n
∞∑
j=1
Aj
(
x
(n)
j
)= lim
n
lim
m
m∑
j=1
Aj
(
x
(n)
j
)= lim
m
lim
n
m∑
j=1
Aj
(
x
(n)
j
)
= lim
m
m∑
j=1
Aj(xj ) =
∞∑
j=1
Aj(xj ). 
6. Spaces [lp(X)]βY , [l∞(X)]βY and [c0(X)]βY
For (Aj ), (Bj ) ∈ λ(X)βY and t ∈K ∈ {R,C}, let
(Aj ) + t (Bj ) = (Aj + tBj ),
where (Aj + tBj )(x) = Aj(x) + tBj (x), ∀x ∈ X. Then (Aj ) + t (Bj ) ∈ λ(X)βY and λ(X)βY forms a vector space.
Definition 6.1. For λ(X) ⊂ XN, let [λ(X)]βY = {(Aj ) ∈ λ(X)βY : Aj(0) = 0, ∀j ∈ N}.
Evidently, [λ(X)]βY is a vector subspace of λ(X)βY .
Definition 6.2. Let (Aj ), (Anj )∞j=1 ∈ [λ(X)]βY , n = 1,2,3, . . . . We say that limn(Anj )∞j=1 = (Aj ) or simply,
(Anj )
∞
j=1 → (Aj ) if limn
∑∞
j=1 Anj (xj ) =
∑∞
j=1 Aj(xj ) at each (xj ) ∈ λ(X).
We would like to adopt the notations:
M[lp(X)]= {M ⊂ lp(X): M is uniformly exhaustive},
M[l∞(X)]= {M ⊂ l∞(X): M is essentially bounded},
M[c0(X)]= {M ⊂ c0(X): M is uniformly vanishing}.
Then, for example,M[λ(X)] =M[lp(X)] if λ(X) = lp(X).
Theorem 6.1. Let λ(X) ∈ {c0(X), l∞(X), lp(X)} where 0 < p < +∞. For (Aj ), (Anj )∞j=1 ∈ [λ(X)]βY the following
(I), (II) and (III) are equivalent:
(I) (Anj )∞j=1 → (Aj ), i.e., limn
∑∞
j=1 Anj (xj ) =
∑∞
j=1 Aj(xj ), ∀(xj ) ∈ λ(X).
(II) ∑∞j=1 Anj (xj ) converges uniformly for both n ∈ N and (xj ) in any M ∈M[λ(X)], and limn Anj (x) = Aj(x)
for any j ∈ N and x ∈ X.
(III) ∑∞j=1 Anj (xj ) converges uniformly for both n ∈ N and (xj ) in any precompact subset of λ(X), and
limn Anj (x) = Aj(x) for any j ∈ N and x ∈ X.
Proof. (I) 
⇒ (II): Since (0, . . . ,0, (j)x ,0,0, . . .) ∈ λ(X) for every j ∈ N and x ∈ X, it follows from (I) and
(Anj )(0) = 0 for all n, j ∈ N that limn Anj (x) = Aj(x), ∀j ∈ N, x ∈ X.
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(xj ) ∈ M . Then there exists an ε > 0 such that for every p0 ∈ N we have integers p > p0, n and (xj ) ∈ M for which
‖∑∞j=p Anj (xj )‖ ε.
There exist integers p1 > 1, n1 and (x1j ) ∈ M such that ‖∑∞j=p1 An1j (x1j )‖ ε and ‖∑∞j=q1+1 An1j (x1j )‖ < ε/2
for some q1 > p1. Hence, ‖∑q1j=p1 An1j (x1j )‖ > ε/2.
By Theorems 2.2, 3.1 and 4.1, there is an integer q0 > q1 such that ‖∑∞j=p Anj (xj )‖ < ε for all p > q0, 1 n n1
and all (xj ) ∈ M . Then there exist integers q2 > p2 > q0, n2 > n1 and (x2j ) ∈ M such that ‖∑q2j=p2 An2j (x2j )‖ > ε/2.
Continuing this construction produces integer sequences p1 < q1 < p2 < q2 < · · · , n1 < n2 < · · · and {(xkj )∞j=1:
k ∈ N} ⊂ M such that∥∥∥∥∥
qk∑
j=pk
Ankj (xkj )
∥∥∥∥∥> ε/2, k = 1,2,3, . . . . (6.1)
Consider the matrix [∑qkj=pk Anij (xkj )]i,k . For every k ∈ N, limi ∑qkj=pk Anij (xkj ) = ∑qkj=pk limi Anij (xkj ) =∑qk
j=pk Aj (xkj ).
Let {kv} be a strictly increasing sequence in N. If λ(X) = lp(X), then M ∈M[lp(X)] and so limm∑∞j=m ‖zj‖p = 0
uniformly for (zj ) ∈ M . Hence, there is a subsequence {kvr } of {kv} such that
∑∞
j=pkvr ‖zj‖
p < 1/2r for all (zj ) ∈ M ,
r = 1,2,3, . . . . Then, letting
xj =
{
xkvr j , pkvr  j  qkvr , r = 1,2,3, . . . ,
0, otherwise, (6.2)
we have
∑∞
j=1 ‖xj‖p < 1 so (xj ) ∈ lp(X). If λ(X) = l∞(X) or c0(X), then for every subsequence {kvr } of {kv} the
sequence (xj ) of (6.2) belongs to λ(X). Observing Anj (0) = 0 for all n, j ∈ N, it follows from (I) that
lim
i
∞∑
r=1
qkvr∑
j=pkvr
Anij (xkvr j ) = limi
∞∑
j=1
Anij (xj ) =
∞∑
j=1
Aj(xj ) ∈ Y.
Now the Antosik–Mikusinski matrix theorem ([9]; [5, p. 10]) shows that limk
∑qk
j=pk Ankj (xkj ) = 0. This contra-
dicts (6.1) and (I) 
⇒ (II) holds.
(II) 
⇒ (III) is obvious.
(III) 
⇒ (I): Let (xj ) ∈ λ(X). Since the singleton {(xj )} is precompact in λ(X), (III) shows that ∑∞j=1 Anj (xj )
converges uniformly for n ∈ N. Since (Aj ), (Anj )∞j=1 ∈ [λ(X)]βY for all n,
lim
n
∞∑
j=1
Anj (xj ) = lim
n
lim
m
m∑
j=1
Anj (xj ) = lim
m
lim
n
m∑
j=1
Anj (xj )
= lim
m
m∑
j=1
lim
n
Anj (xj ) = lim
m
m∑
j=1
Aj(xj ) =
∞∑
j=1
Aj(xj ). 
Let C(0) = {ϕ ∈ CC: limt→0 ϕ(t) = ϕ(0) = 0; |ϕ(t)| |t |, ∀|t | 1} and N (X) be the family of neighborhoods
of 0 ∈ X.
Definition 6.3. A mapping A :X → Y is said to be dissecting if A(0) = 0 and there exist ϕ ∈ C(0) and U ∈N (X)
such that A(x + tu) = rA(x) + sA(u) whenever x ∈ X, u ∈ U and |t |  1, where r and s are determined by x,u
and t , |r − 1| |ϕ(t)|, |s| |ϕ(t)|.
Let Fϕ,U (X,Y ) denote the family of dissecting mappings which are related to ϕ ∈ C(0) and U ∈ N (X). It is
easy to see that Fϕ,U (X,Y ) includes all linear operators and much more nonlinear mappings than linear operators
[10,11]. The very important fact is just that the equicontinuity theorem and the uniform boundedness principle hold
for dissecting mappings.
1204 R. Li et al. / Topology and its Applications 154 (2007) 1195–1205Lemma 6.1. (See [11, Theorems 1.1, 2.1].) Let E,F be topological vector spaces. If E is of second category and Γ
is a family of continuous dissecting mappings in Fϕ,U (E,F ) such that {A(x): A ∈ Γ } is bounded at each x ∈ E, then
Γ is equicontinuous on E (i.e., Γ is equicontinuous at each x ∈ E) and {A(x): A ∈ Γ, x ∈ S} is bounded for each
bounded S ⊂ E.
Recall that X and Y are Banach spaces.
Lemma 6.2. If (An) is a sequence of continuous dissecting mappings in Fϕ,U (X,Y ) such that limn An(x) = A(x)
exists at each x ∈ X, then limn An(x) = A(x) uniformly for x in any precompact subset of X.
Proof. By Lemma 6.1, {An: n ∈ N} is equicontinuous on X and hence, A is also a continuous mapping inFϕ,U (X,Y ),
[11, Theorem 2.2].
Assume that S ⊂ X is precompact but limn An(x) = A(x) is not uniform with respect to x ∈ S. By passing to a sub-
sequence if necessary, we assume that there exist {xn} ⊂ S and ε > 0 for which ‖An(xn)−A(xn)‖ ε, n = 1,2,3, . . . .
Since S is precompact in the Banach space X, there is a subsequence {xnk } of {xn} for which xnk → x0 in X. By
the equicontinuity of {Am: m ∈ N}, limk Am(xnk ) = Am(x0) uniformly with respect to m ∈ N, and limm Am(xnk ) =
A(xnk ) for each k ∈ N by the assumption. Hence,
lim
m,k→+∞Am(xnk ) = limk limm Am(xnk ) = limm limk Am(xnk ) = A(x0)
and, in particular, limk Ank (xnk ) = A(x0).
However, ‖Ank (xnk ) − A(xnk )‖ ε for all k, it follows from continuity of A :X → Y that
0 = ∥∥A(x0) − A(x0)∥∥= lim
k
∥∥Ank (xnk ) − A(xnk )∥∥ ε > 0.
This contradiction shows that limn An(x) = A(x) uniformly for x ∈ S. 
Theorem 6.2. Let λ(X) ∈ {c0(X), l∞(X), lp(X)} where 0 < p < +∞. Let ϕ ∈ C(0), δ > 0 and U = {x ∈ X:
‖x‖ < δ}. If Aj and Anj are continuous dissecting mappings inFϕ,U (X,Y ) for all j,n ∈ N such that (Aj ), (Anj )∞j=1 ∈
[λ(X)]βY (∀n ∈ N) and limn∑∞j=1 Anj (xj ) = ∑∞j=1 Aj(xj ) at each (xj ) ∈ λ(X), then limn∑∞j=1 Anj (xj ) =∑∞
j=1 Aj(xj ) uniformly for (xj ) in any precompact subset of λ(X).
Proof. Let M be a precompact subset of λ(X) and ε > 0. Since each projection pi :λ(X) → X(pi[(xj )] = xi) is
continuous and linear, each Mi = pi(M) is precompact in X. By Theorems 5.2 and 6.1, there is an m0 ∈ N such that∥∥∥∥∥
∞∑
j=m0+1
Aj(xj )
∥∥∥∥∥< ε/3,
∥∥∥∥∥
∞∑
j=m0+1
Anj (xj )
∥∥∥∥∥< ε/3, ∀(xj ) ∈ M, ∀n ∈ N.
Since limn Anj (x) = Aj(x) for j ∈ N and x ∈ X, it follows from Lemma 6.2 that there is an n0 ∈ N such that∥∥Anj (xj ) − Aj(xj )∥∥< ε/(3m0), ∀n > n0, ∀1 j m0, ∀(xj ) ∈ M.
Therefore,∥∥∥∥∥
∞∑
j=1
Anj (xj ) −
∞∑
j=1
Aj(xj )
∥∥∥∥∥
m0∑
j=1
∥∥Anj (xj ) − Aj(xj )∥∥+
∥∥∥∥∥
∞∑
j=m0+1
Anj (xj )
∥∥∥∥∥+
∥∥∥∥∥
∞∑
j=m0+1
Aj(xj )
∥∥∥∥∥
< m0
ε
3m0
+ ε
3
+ ε
3
= ε, ∀n > n0, ∀(xj ) ∈ M. 
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